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P R E L I M I N A R I E S  

9 

T h i s  is i n t e n d e d  t o  be t h e  s e c o n d  s e m i a n n u a l  s t a t u s  

r e p o r t ,  c o v e r i n g  t h e  p e r i o d  f r o m  A p r i l  1 6 ,  1 9 6 4 ,  t o  O c t o b e r  

15,  1 9 6 4 ,  o f  t h e  NASA r e s e a r c h  g r a n t  number NsG-568 for s u p p o r t  

o f  t h e  r e s e a r c h  p r o j e c t  e n t i t l e d  " S t o c h a s t i c  Mode l s  f o r  M u l t i -  

v a l u e d ,  M u l t i - d i m e n s i o n a l  R e l a t i o n s . "  The f i r s t  s e m i a n n u a l  

s t a t u s  r e p o r t ,  c o v e r i n g  t h e  p e r i o d  up t o  A p r i l  15,  1 9 6 4 ,  

h a s  a l r e a d y  b e e n  s u b m i t t e d  e a r l i e r .  

For t h e  sake o f  c l a r i t y ,  t h i s  r e p o r t  i s  d i v i d e d  i n t o  

t h e  f o l l o w i n g  P a r t s :  

I ,  C h r o n o l o g i c a l  Summary 

11. T o p i c a l  Summary 

1. F u r t h e r  P r o g r e s s  o n  Work R e p o r t e d  P r e v i o u s l y  
2 .  I n t r o d u c t i o n  a n d  P l a n s  f o r  R e s e a r c h  on  N e w  

P r o b l e m s  

111. A p p e n d i c e s  

1. A b s t r a c t s  
2 .  I n f o r m a t i o n  T h e o r y ,  E n t r o p y ,  and  P r o b a b i l i t y  

3. Resumgs 
M e a s u r e s  

A b s t r a c t s  o f  t h e  f o u r  t e c h n i c a l  r e p o r t s  c i t e d  h e r e i n  

a re  c o n t a i n e d  i n  t h e  A p p e n d i c e s ;  f u l l  d r a f t s  of t h e s e  r e p o r t s  

a r e  i n c l u d e d  as s e p a r a t e  e n c l o s u r e s .  
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I .  CHRONOLOGICAL SUMMARY 

The f o l l o w i n g  r e p r e s e n t s  a s n o r t  summary of work  corn- 

?. 

p l e t e d  d u r i n g  t h e  r e p o r t  p e r i o d ,  d i v i d e d  on  t h e  b a s i s  o f  

a c a d e m i c  q u a r t e r s .  

A .  A p r i l  1 6  t o  J u n e  15 ,  1964:  R e s e a r c h  a s s i s t a n t s  A h l b o r n  

a n d  C u r t i s  c o n t i n u e d  w o r k i n g  w h i l e  s u p p o r t e d  by  NASA, a n d  

g r a d u a t e  a s s i s t a n t s  Ohm and W i l s o n  m a i n t a i n e d  a n  a c t i v e  

i n t e r e s t  i n  t h e  NASA p r o j e c t  a l t h o u g h  n o t  on NASA a s s i s t a n t -  

s h i p s .  Bha rgava  a n d  A h l b o r n  p r e s e n t e d  a j o i n t  p a p e r  e n t i t l e d  

" D i r e c t e d  G r a p h s  a n d  P o i n t - S e t  Topo logy"  a t  t h e  r e g i o n a l  

m e e t i n g s  of t h e  American M e t h e m a t i c a l  S o c i e t y  a n d  t h e  Mathe- 

m a t i c a l  A s s o c i a t i o n  of Amer ica  a t  N e w  York C i t y ,  A p r i l  20-23, 

1964 .  A h l b o r n  c o m p l e t e d  work on h i s  master ' s  t h e s i s ,  e n t i t l e d  

"On D i r e c t e d  G r a p h s  a n d  R e l a t e d  T o p o l o g i c a l  S p a c e s "  ( T e c h n i -  

c a l  R e p o r t  No. 2 ) .  C u r t i s  c o n t i n u e d  e n  e x t e n s i v e  and  

e x h a u s t i v e  s t u d y  of t h e  t h e o r y  o f  d i g r a p h s ,  w h i l e  c o n c u r r e n t l y  

w o r k i n  g o n  h i s  master 's  t h e s i s ,  "On Some C o u n t i n g  P r o b l e m s  

i n  D i g r a p h  T h e o r y . "  T h r e e  wel l -known m a t h e m a t i c i a n s  v i s i t e d  

d u r i n g  t h i s  q u a r t e r  t o  d i e c u s s  p r o b l e m s  o f  m u t u a l  i n t e r e s t  

r e l a t e d  t o  t h e  NASA p r o j e c t ,  D o y l e  s t a y e d  f r o m  A p r i l  18 

t o  A p r i l  2 4 ;  G a n i ,  May 7 a n d  8 ;  a n d  C h a t t e r j i ,  May 22 t o  

May 31. 

B. J u n e  1 6  t o  S e p t e m b e r  1 5 ,  1964:  The p r i n c i p a l  i n v e s t i -  

g a t o r  worked  f u l l  time on t h e  p r o j e c t  d u r i n g  t h i s  p e r i o d ,  

d e v o t i n g  p a r t  of t h e  t i m e  t o  o r g a n i z i n g  t h e  work  a l r e a d y  done  

a n d  p a r t  of t h e  t i m e  t o  some new p r o b l e m s .  B h a r g a v a  and  

A h l b o r n  s t a r t e d  w r i t i n g  a j o i n t  p a p e r  e n t i t l e d  " D i r e c t e d  
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G r a p h s  a n d  P o i n t - S e t  Topology"  ( T e c h n i c a l  R e p o r t  No. 1) 

f o r  p u b l i c a t i o n  p u r p o s e s .  A h l b o r n ,  h o w e v e r ,  w a s  a w a r d e d  a n  

NSF Summer F e l l o w s h i p  and  s p e n t  m o s t  o f  h i s  t i m e  on t h a t  

s t u d y  p r o g r a n .  C u r t i s ,  due  t o  p r e s s i n g  p e r s o n a l  c i r c u m -  

s t a n c e s ,  d e c i d e d  t o  e n g a g e  i n  f u l l - t i m e  t e a c h i n g ,  s o  t h a t  

h i s  work  on  c o u n t i n g  p r o b l e m s  i n  d i g r a p h  t h e o r y  h a s  b e e n  

t e m p o r a r i l y  d e l a y e d  a n d  h e  h a s  y e t  t o  f i n i s h  h i s  mas ter ' s  

t h e s i s .  Wi th  t h e  e x c e p t i o n  t h e  f i r s t  two weeks  i n  A u g u s t ,  

W i l s o n  made a n  i n t e n s i v e ,  f u l l - t i m e  s t u d y  o f  t h e  p r o b l e m  o f  

d e v e l o p i n g  a n  i n f o r m a t i o n - t h e o r e t i c  n o t i o n  o f  e n t r o p y  f o r  

g r a p h s .  D u r i n g  t h i s  t i n e  s h e  w a s  p a r t i a l l y  s u p p o r t e d  by  

NASA f u n d s .  Ohm, s t u d y i n g  u n d e r  a n  NSF Summer F e l l o w s h i p ,  

b e g a n  i n v e s t i g a t i n g  d i g r a p h s  f r c m  t h e  p o i n t  o f  view o f  

a l g e b r a i c  s t r u c t u r e s .  C h a t t e r j i  v i s i t e d  f r o m  S e p t e m b e r  1 

t o  S e p t e m b e r  21 ,  w o r k i n g  w i t h  B h a r g a v a  o n  some p r o b l e m s  i n  

random g r a p h s  a n d  d i g r a p h s  a n d  o n  c o u n t i n g  t o p o l o g i e s .  

T o g e t h e r  t h e y  a l s o  n o t i c e d  c e r t a i n  i n t e r e s t i n g  t i e - u p s  be-  

t w e e n  i n f o r m a t i o n - t h e o r e t i c  n o t i o n s  a n d  o t h e r  m a t h e m a t i c a l  

t h e o r i e s  a n d  work  w a s  begun  o n  t h e s e  p r o b l e m s .  They p r e p a r e d  

j o i n t l y  an i n v i t e d  p a p e r ,  e n t i t l e d  ''Random G r a p h s  a n d  

D i g r a p h s "  ( A b s t r a c t  E) which  was p r e s e n t e d  by B h a r g a v a ,  

a t  t h e  J o i n t  E u r o p e a n  C o n f e r e n c e  o f  t h e  I n s t i t u t e  o f  Mathe-  

m a t i c a l  S t a t i s t i c s  a n d  c t h e r  s t a t i s t i c a l  s o c i e t i e s  a t  

Berne, S w i t z e r l a n d ,  i n  S e p t e m b e r ,  1 9 6 4 .  

C .  S e p t e m b e r  1 6  t o  O c t o b e r  15:  Only o n e  r e s e a r c h  a s s i s t a n t ,  

W i l s o n ,  was a p p o i n t e d  t o  work c n  t h e  NASA p r o j e c t ,  w i t h  

s u p p o r t  g u a r a n t e e d  by  t h e  O f f i c e  o f  t h e  Dean f o r  R e s e a r c h  a t  

Kent S t a t e  U n i v e r s i t y .  However,  Ohm a l s o  c o n t i n u e d  w o r k i n g  
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o n  p r o j e c t - r e l a t e d  r e s e a r c h  p r o b l e m s ,  s u ~ p o r t e d  by a n  NSF 

C o o p e r a t i v e  G r a d u a t e  F e l l o w s h i p .  A n o t h e r  g r a d u a t e  s t u d e n t ,  

F l a g g  ( f o r  r e s u m e ,  see 111.3) showed i n t e r e s t  i n  w o r k i n g  

o n  t h e  p r o j e c t  and  was a s s u r e d  o f  a n  NASA a s s i s t a n t s h i p ,  

p r o v i d e d  t h e  g r a n t  was renewed.  B h a r g a v a  c o n t i n u e d  work  on  

t h e  p a p e r  b e i n g  p r e p a r e d  j o i n t l y  w i t h  A h l b o r n  a n d  s u b m i t t e d  

a r e v i s e d  v e r s i o n  o f  h i s  own p a p e r  e n t i t l e d  " T i m e  Changes  

i n  a D i g r a p h "  ( T e c h n i c a l  R e p o r t  Nc. 3)  f o r  p u b l i c a t i o n  i n  

t h e  J o u r n a l  of A p p l i e d  P r o b a b i l i t y  ( t o  a p p e a r  i n  J u n e ,  1 9 6 5 ) .  

A l s o ,  C h a t t e r j i  n e a r l y  c o m p l e t e d  h i s  p a p e r  "On C o u n t i n g  

T o p o l o g i e s "  ( T e c h n i c a l  R e p o r t  No. 4), w h i c h  is t o  b e  s u b -  

m i t t e d  f o r  p u b l i c a t i o n  t o  = American_ M a t h e m a t i c a l  M o n t h l y .  

. 
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11. T O P I C A L  SUMMARY 

I n  t h i s  s e c t i o n  t h e  p r o g r e s s  made o n  t h e  r e s e a r c h  work  

o r i g i n a l l y  r e p o r t e d  i n  t h e  f i r s t  s e m i a n n u a l  s t a t u s  r e p o r t  i s  

b r i e f l y  summar ized  a n d  d e s c r i p t i o n s  of  new p r o b l e m s  b e i n g  

s t u d i e d  i s  g i v e n ,  

11.1 F u r t h e r  P r o g r e s s  on Work R e p o r t e d  P r e v i o u s l y .  

The f o l l o w i n g  t o p i c s  were i n t r o d u c e d  i n  t h e  f i r s t  semi- 

a n n u a l  s t a t u s  r e p o r t .  Both t h e  new p r o g r e s s  made and  i n d i c a -  

t i o n s  o f  d i f f e r e n t  a p p r o a c h e s  a n d  f u t u r e  p l a n s  a r e  d i s c u s s e d  

be low:  

A .  A Link-up  Between D i r e c t e d  G r a p h s  and  P o i n t - S e t  T o p o l o w :  

A d i g r a p h  t o p o l o g y  h a s  b e e n  d e f i n i t e l y  e s t a b l i s h e d  w h i c h  shows 

g r e a t  p r o m i s e  for f u t u r e  s t u d y ,  a n d  a r e s e a r c h  p a p e r  on t h i s  

i n t e r e s t i n g  r e l a t i o n s h i p  b e t w e e n  t h e  t h e o r y  o f  d i g r a p h s  a n d  

p o i n t - s e t  t o p o l o g y  i s  b e i n g  s u b m i t t e d  f o r  p u b l i c a t i o n  p u r -  

poses. The p r e l i m i n a r y  r e p o r t  was p r e s e n t e d  a t  t h e  j o i n t  

r e g i o n a l  m e e t i n g s  o f  AMS and  MAA a t  N e w  Ycrk  C i t y  i n  A p r i l ,  

1 9 6 4 ,  by A h l b o r n ,  a r e s e a r c h  a s s i s t a n t ,  j o i n t l y  w i t h  B h a r g a v a ,  

t h e  p r i n c i p a l  i n v e s t i g a t o r .  A h l b o r n  a l s o  w r o t e  h i s  master ' s  

t h e s i s  i n  t h e  same g e n e r a l  f i e l d .  D e t e i l e d  r e s u l t s  a r e  t o  

b e  f o u n d  i n  T e c h n i c a l  R e p o r t s  No. 1 a n d  2 .  C u r r e n t l y ,  B h a r g a v a  

is m a k i n g  f u r t h e r  i n v e s t i g a t i o n s  i n  t h i s  d i r e c t i o n ,  w i t h  a 

view t o  e s t a b l i s h i n g  p r o b a b i l i t y  s t r u c t u r e s  o n  t h e  d i g r a p h  

t o p o l o g y .  

B. C o u n t i n g  T o p c l o ~ i e s :  A l t h o u g h  i t  h a s  n o t  y e t  b e e n  

p o s s i b l e  t o  s o l v e  t h i s  r a t h e r  f o r m i d a b l e  p r o b l e m  c o m p l e t e l y ,  

6 



a p o w e r f u l  a s y m p t o t i c  a p p r o x i m a t i o n  h a s  b e e n  o b t a i n e d  u s i n g  

t h e  n o t i o n  of  c h r o m a t i c  g r a p h s .  P a r t  o f  t h e s e  r e s u l t s  

( A b s t r a c t  E) w e r e  p r e s e n t e d  j o i n t l y  by Bhargava  and  

C h a t t e r j i  a t  t h e  J o i n t  European C o n f e r e n c e  i n  B e r n e ,  S w i t z e r -  

l a n d ,  and  an  i n d i v i d u a l  r e s e a r c h  p a p e r  C h a t t e t j i  h a s  b e e n  

w r i t t e n  f o r  p u b l i c a t i o n  p u r p o s e s  ( T e c h n i c a l  R e p o r t  N o .  4). 

C .  Most G e n e r a l  Way of D e s c r i b i n g  a Graph and  a D i v r a p h :  

A l t h o u g h  no  d i r e c t l y  s i g n i f i c a n t  p r o g r e s s  h a s  b e e n  made on 

t h i s  p r o b l e m ,  v a r i o u s  i n d i r e c t  and  i n c i d e n t a l  r e s u l t s  h a v e  

b e e n  o b t a i n e d  w h i c h  s h o u l d  c o n t r i b u t e  t o  a c o n t i n u i n g  i n v e s t i -  

g a t i o n  o f  t h i s  k i n d .  

D. Random G r a p h s  and  D i g r a p h s :  Some o f  t h e  r e s u l t s  f r o m  

t h e  p r e l i m i n a r y  r e p o r t  have a l r e a d y  b e e n  p r e s e n t e d  a t  t h e  

Berne m e e t i n g s ,  and  more r e s u l t s  a r e  s t i l l  b e i n g  o b t a i n e d .  

F l a g g ,  p r e s e n t l y  a g r a d u a t e  a s s i s t a n t ,  i s  s t u d y i n g  a new 

a p p r o a c h - - t h a t  of  t h e  e v o l u t i o n  o f  a random g r a p h  as a 

s t o c h a s t i c  p r o c e s s ,  i n  p a r t i c u l a r ,  as a b i r t h - a n d - d e a t h  

p r o c e s s .  I t  is e x p e c t e d  t h a t  t h i s  l i n e  o f  i n v e s t i g a t i o n  

w i l l  c o n t i n u e  l a t e r  e i t h e r  u n d e r  t h e  d i r e c t  s u p p o r t  o f  NASA 

o r  as p a r t  of a m a s t e r ' s  t h e s i s  o f  F l a g g .  A d i f f e r e n t  a p p r o a c h  

on t h e  c o u n t i n g  p r o b l e m s  i n  random d i g r a p h s  i s  d e s c r i b e d  i n  

11.2.1. 

E. I n f o r m a t i o n  Theory  and t h e  Theory  o f  Graphs :  A l t h o u g h  

no new s i g n i f i c a n t  r e s u l t s  h a v e  y e t  b e e n  o b t a i n e d ,  p r e l i m i n a r y  

i n v e s t i g a t i o n s  h a v e  r e v e a l e d  v a r i o u s  p o s s i b i l i t i e s ,  n o t a b l y  

c e r t a i n  i n t e r e s t i n g  t i e - u p s  b e t w e e n  i n f o r m a t i o n  t h e o r y  and 

o t h e r  m a t h e m a t i c a l  t h e o r i e s .  T h e s e  a r e  d e s c r i b e d  more f u l l y  
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i n  I I . 2 . H  and 1 1 1 . 2 .  A l s o ,  t h e  NASA r e s e n r c h  a s s i s t a n t ,  

W i l s o n ,  i s  i n v e s t i g a t i n g  i n f o r m a t i o n - t h e o r e t i c  c o n c e p t s  as 

more s p e c i f i c a l l y  r e l a t e d  t o  t h e  t h e o r y  of  g r a p h s ,  i n  an  

a t t e m p t  t o  d e v e l o p  a n o t i o n  o f  e n t r o p y  f o r  g r a p h s ,  w h i c h  as 

shown by Bhargava  s e r v e  as m a t h e m a t i c a l  mode l s  i n  c e r t a i n  

a p p l i c a t i o n s .  

F. H i s t o r i c a l  Su rvey  o f  t h e  Theory  o f  D i g r a p h s :  No work 

h a s  b e e n  done  on t h i s  s i n c e  C u r t i s  l e f t  t h e  p r o j e c t ,  m a i n l y  

b e c a u s e  o t h e r  s t u d e n t s  on t h e  p r o j e c t  a r e  w o r k i n g  p r i m a r i l y  

on  d i f f e r e n t  p r o b l e m s  of  p a r t i c u l a r  i n t e r e s t  t o  them. I t  

i s  hoped  t h a t  t h i s  s u r v e y  m i g h t  b e  c o m p l e t e d  somet ime  i n  t h e  

f u t u r e .  

G .  D i g r a p h s  and  Weak Metric: A h l b o r n  h a v i n g  j o i n e d  t h e  

U n i v e r s i t y  o f  R o c h e s t e r  f o r  h i s  d o c t o r a l  w o r k ,  t h i s  p r o b l e m  

remains v i r t u a l l y  i n  i t s  o r i g i n a l  s t a t e ,  b u t  t h e  p r i n c i p a l  

i n v e s t i g a t o r ,  B h a r g a v a ,  i s  p l a n n i n g  t o  work i n  t h i s  d i r e c t i o n  

h i m s e l f ,  e s p e c i a l l y  b e c a u s e  i t  i s  t h o u g h t  t h a t  t h e  n o t i o n  o f  

weak m e t r i c  i n  d i g r a p h s  may l e a d  t c  some i n t e r e s t i n g  i n f o r m a -  

t i o n  - t h e o r e t i c  r e s u l t s .  

1 1 . 2 .  I n t r o d u c t i o n  and  P l a n  f o r  R e s e a r c h  
on- ,New ,P rob lems  

I n  a d d i t i o n  t o  t h e  r e s e a r c h  c o n t i n u i n g  on t h e  t o p i c s  

d i s c u s s e d  in t h e  p r e v i o u s  s e c t i o n ,  new a p p r o a c h e s  h a v e  

d e v e l o p e d  i n  r e l a t i o n  t o  c e r t a i n  p r o b l e m s  w h i c h  a r e  e x p l a i n e d  

i n  more d e t a i l  i n  t h i s  s e c t i o n :  

H. I n f o r m a t i o n  T h e o r y ,  E n t r o p y .  and  P r o b a b i l i t y  M e a s u r e s :  

The r e s e a r c h  now underway i n  t h i s  area i s  p r i m a r i l y  c o n c e r n e d  
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with an investigation of the different links among various 

purely mathematical theories through utilization of the 

information concept and of important applications of informa- 

tion-theoretic notions to the fields of probability, communi- 

cation theory, and the theory of graphs. Althcugh the con- 

cept of information is relatively new in the domain of 

mathematics, its use and applications have already been shown 

to be manifold and far-reaching. The main objectives of this 

research are (i) to develop a suitable nGtion of entropy 

in certain kinds of stochastic processes and its relation- 

ship to the notion o f  entropy in ergodic theory, (ii) to explain 

the occurrence of information-theoretical quantities in 

connection with the Hausdorff dimension and entropy in 

probability distributions, and finally (iii)to show appli- 

cations of the concept of information in statistics and 

communication theory. A more ccmplete description o f  the 

research being conducted in this field (jointly with Chatterji) 

and a more detailed explanation of some specific problems 

under investigation will be found in Appendix 111.2. Also, 

a further discussion of informaticn theory as related to 

directed graphs is given in 1I.K. 

I. Random Graphs and Digraphs: Let n be the number of 

vertices, and N=f(n) be the number of edges, o 2 N 5 (i). 
Let P 

ly connected random graph with n vertices and N=f(n) edges. 

be the probability of obtaining a complete- n,f (n) or P 
n,N 

There seem to b e  two different ways of looking at 

'n,N: 9 



(i) G i l b e r t ' s  a p p r o a c h  - F o r  e v e r y  p a i r  o f  p o i n t s  

( i , j )  w e  d e f i n e  a random v a r i a b l e  

1 w i t h  p r o b a b i l i t y  p 

0 w i t h  p r o b a b i l i t y  1-p=q 

w h e r e  a l l  X ' s  a r e  i n d e p e n d e n t .  The number  N, o r  f ( n ) ,  
i j  

t h e  number o f  e d g e s ,  i s  a l s o  a random v a r i a b l e .  G i l b e r t  

shows t h a t  

( ii) E r d o s  a n d  R e n y i ' s  a p p r o a c h  - The number o f  e d g e s ,  

N, o r  f ( n ) ,  i s  f i x e d .  I f  N=[n/2 l o g  n + c n ] ,  t h e n  t h e y  show 

t h a t  

We s u g g e s t  t h a t  P i s  a f u n c t i o n  of n a n d  N a n d  
n,N 

as sume  t h a t :  
n-1 - 

(a) n - 1 f ( n )  and f ( n )  2 2 

(b )  f ( n )  i s  m o n o t o n i c a l l y  i n c r e a s i n g  

( c )  t f ( n )  + 1) / f ( n ) I + l .  

I n t e r e s t i n g  r e s u l t s  a r e  t h e n  o b t a i n e d  r e g a r d i n g  d i f f e r e n t  

k i n d s  o f  bounds  for f ( n )  a n d  P 
n ,  f ( n ) '  

I t  is p l a n n e d  t o  compare f u r t h e r  t h e  r e s p e c t i v e  m e t h o d s  

of G i l b e r t  and  o f  Erdos and R e n y i ,  w i t h  p a r t i c u l a r  r e g a r d  

t o  t h e i r  e x t e n s i o n s  t o  d i r e c t e d  g r a p h s .  

J .  D i g r a p h s  and A l g e b r a i c  S t r u c t u r e s :  A d i g r a p h  may b e  

t h o u g h t  o f  as a s e t  o f  p o i n t s  w i t h  a r e l a t i o n  w h i c h  a s s o c i a t e s  

c e r t a i n  o r d e r e d  p a i r s  of  p o i n t s  w i t h  o n e  a n o t h e r  by means of 
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d i r e c t e d  e d g e s .  From t h i s  p o i n t  o f  view t h e r e  w o u l d  seem 

t o  b e  a c e r t a i n  a n a l o g y  b e t w e e n  a d i g r a p h  a n d  a g r o u p o i d ,  a 

s i m p l e  a l g e b r a i c  s t r u c t u r e  c o n s i s t i n g  o f  a s e t  o f  e l e m e n t s  

a n d  a b i n a r y  o p e r a t i o n  d e f i n c d  o n  c e r t a i n  o r d e r e d  p a i r s  o f  

e l e m e n t s .  R e s e a r c h  h a s  begun  i n  t h e  d i r e c t i o n  o f  e x p e r i m e n -  

t i n g  w i t h  v a r i o u s  d e f i n i n g  r e l a t i o n s  b e t w e e n  g r a p h s  a n d  

g r o u p o i d s  and  o f  i n v e s t i g a t i n g  w h a t  i d e n t i f i c a t i o n  t h e o r e m s  

m i g h t  b e  o b t a i n e d  f r o m  each ,  P r e s e n t l y ,  t h e  f o l l o w i n g  d e f i n i -  

t i o n s  seem m o s t  p r o m i s i n g :  G i v e n  t h a t  H i s  a h a l f g r o u p o i d  

a n d  G ( A )  i s  a d i g r a p h ,  where  € a , b , c  ..... 1 i s  t h e  s e t  of ele- 

m e n t s  o f  H a n d  v e r t i c e s  of  G ( A ) ,  t h e n  

(i) a l l o w  a d i r e c t e d  e d g e  f r o m  a t o  b i n  G ( A )  i f  

a * b = c  i n  H 

(ii) a l l o w  a d i r e c t e d  p a t h  f r o m  a t o  b i n  G ( A )  i f  

a . b = c  i n  H 

(iii) a l l o w  a d i r e c t e d  e d g e  f r o m  a t o  c i n  G ( A )  i f  

a . b = c  i n  H .  

I t  i s  e a s i l y  s e e n  t h a t  ( i) d e t e r m i n e s  a b i u n i q u e  

mapp ing  b e t w e e n  t h e  e d g e s  o f  G ( A )  a n d  t h e  o r d e r e d  p a i r s  o f  

e l e m e n t s  f o r  w h i c h  t h e  o p e r a t i o n  i s  d e f i n e d  i n  H, b u t  i t  i s  

l i m i t e d  by  t h e  f a c t  t h a t  a g r o u p o i d  c o r r e s p o n d s  t o  a c o m p l e t e  

g r a p h .  T h i s  h a n d i c a p  is somewhat overcome b y  ( i i ) ,  b u t  t h i s  

d e f i n i t i o n  l e a d s  t o  p r o b l e m s  o f  n o n - u n i q u e n e s s .  F i n a l l y ,  a l -  

t h o u g h  ( i i i )  is a many-to-one mapping  o f  H i n t o  G ( A ) ,  i t  

d o e s  s u g g e s t  s e v e r a l  i n t e r e s t i n g  r e l a t i o n s h i p s .  F o r  

example ,  a c y c l i c  g r o u p o i d  y i e l d s  a g r a p h  p o s s e s s i n g  a 

H a m i l t o n i a n  l i n e  whose  l e n g t h  e q u a l s  t h e  o r d e r  o f  t h e  
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g r o u p o i d ;  p r i m e  e l e m e n t s  i n  I3 c o r r e s p o n d  t o  u n a c c e s s i b l e  

p o i n t s  i n  G ( A )  a n d  i d e m p o t e n t  e l e m e n t s  t o  l o o p s ;  a l s o ,  t h e r e  

seems t o  b e  some r e l a t i o n s h i p  b e t w e e n  a n  a n t i g r o u p o i d  a n d  a 

k e r n e l  o f  a g r a p h .  T h u s ,  t o  d a t e ,  (iii) a p p e a r s  t o  h a v e  t h e  

mos t  p o t e n t i a l  of t h e  t h r e e  as  CL b a s i c  d e f i n i t i o n  t o  c o r r e -  

l a t e  c o n c e p t s  o f  g r a p h s  and g r o u p o i d s .  I t  i s  p l a n n e d  t o  

c o n t i n u e  i n v e s t i g a t i o n  o f  a l l  o f  t h e s e  d e f i n i t i o n s  a n d  o f  

v a r i o u s  o t h e r s  w h i c h  h a v e  b e e n  f o r m u l a t e d ,  i n  t h e  h o p e  o f  

f i n d i n g  o n e  t h a t  w i l l  e s t a b l i s h  a r e a l l y  u s e f u l  c o r r e s p o n d e n c e  

b e t w e e n  t h e  two s y s t e m s .  B e c a u s e  o f  t h e  s i m i l a r  c o n c e p t u a l  

n a t u r e s  o f  g r a p h s  a n d  g r o u p o i d s ,  i t  i s  f e l t  t h a t  s i g n i f i -  

c a n t  r e s u l t s  c a n  b e  o b t a i n e d  a l o n g  t h e s e  l i n e s  a n d  t h a t  t h i s  

a p p r o a c h  h a s  good p o t e n t i a l  f o r  c o n t i n u i n g  s u c c e s s f u l  

r e s e a r c h .  

R .  E n t r o p y  and  I n f o r m a t i o n - t h e o r e t i c  C o n c e p t s  i n  T h e o r y  o f  
G r a p h s :  

The c o n c e p t  o f  e n t r o p y ,  which  h a s  emerged  f r o m  t h e  f i e l d  o f  

c o m m u n i c a t i o n  t h e o r y ,  h a s  b e e n  a p p r o a c h e d  f rom two e s s e n t i a l l y  

d i f f e r e n t  p o i n t s  of  view by i t s  m a j o r  i n v e s t i g a t o r s .  The 

a x i o m a t i c  a p p r o a c h  is c h a r a c t e r i z e d  by S h a n n o n ' s  p o s t u l a t e s  

f o r  a m e a s u r e  o f  i n f o r m a t i o n .  H e  d e f i n e s  e n t r o p y  of a 

p r o b a b i l i t y  d i s t r i b u t i o n  P = (pip p p ,  .... p a )  as  t h e  amount  - 
of i n f o r m a t i o n  c o n t a i n e d  i n  a s i n g l e  o b s e r v a t i o n  of a random 

xa9 
v a r i a b l e  X w h i c h  t a k e s  on 5 d i f f e r e n t  v a l u e s  x l ,  x2  ..... 
w i t h  p r o b a b i l i t i e s  p = P ( x = x k ) ,  ( k = 1 , 2 ,  ..... 2 ) .  S h a n n o n ' s  

p o s t u l a t e s  p o i n t e d  t o  a l o g a r i t h m i c  f u n c t i o n ,  a n d  h e  d e f i n e s  

t h e  e n t r o p y ,  H ( P ) ,  t o  b e  

- 
k 
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On t h e  o t h e r  h a n d ,  W o l f o w i t z  a ? ? r o a c n e s  t h e  p r o b l e m  f r o m  

t h e  p r a g m a t i c  s t a n d p o i n t ,  s t a r t i n g  w i t h  c e r t a i n  p a r t i c u l a r  

p r o b l e m s  o f  i n f o r m a t i o n  t h e o r y  a n d  a c c e p t i n g  a s  m e a s u r e s  of  

t h e  amount o f  i n f o r m a t i o n  t h e  q u a n t i t i e s  w h i c h  p r e s e n t  them- 

selves  i n  t h e  s o l u t i o n s .  Reny i  c o n t e n d s  t h a t  t h e s e  a r e  n o t  

o p p o s i n g  p o i n t s  o f  v i e w  b u t  r a t h e r  a r e  c o m p a t i b l e  a n d  comple- 

men t  e a c h  o t h e r .  

The d i r e c t i o n  o f  p r e s e n t  i n v e s t i g a t i o n  i s  t o  r e l a t e  t h e  

i d e a  o f  e n t r o p y ,  mos t  p r o b a b l y  as d e r i v e d  by S h a n n o n ,  t o  t h e  

t h e o r y  o f  g r a p h s  i n  o r d e r  t o  f i n d  some m e a s u r e  of  i n f o r m a t i o n  

on a random g r a p h ,  e n d  i n  p a r t i c u l a r ,  on a random d i r e c t e d  

g r a p h  ( d i g r a p h ) .  

I n  c o n s i d e r i n g  a d i g r a p h  o f  o r d e r  N as  a p r o b a b i l i s t f c  

m o d e l ,  o n e  may e s t a b l i s h  a p r o b a b i l i t y ,  d i s t r i b u t i o n  i n  

r e l a t i o n  t o  t h e  l o n g t h  of  a d i r e c t e d  p a t h  f r o m  Pi t o  P j .  

It i s  known t h a t  a n  e l e m e n t  o f  t h e  m a t r i x  Ck (where  C is t h e  

i n c i d e n c e  m a t r i x  c o r r e s p o n d i n g  t o  i t s  d i g r a p h  w i t h  o n e s  i n  

t h e  p r i n c i p a l  d i a g o n a l ) ,  k > 0 ,  c o r r e s p o n d s  t o  t h e  e x i s t e n c e  

o r  o t h e r w i s e  o f  d i r e c t e d  p a t h s  o f  l e n g t h  a t  m o s t  k i n  t h e  

c o r r e s p o n d i n g  d i g r a p h .  A r a t h e r  g e n e r a l  p r o b a b i l i t y  s cheme  

f o r  o u r  p u r p o s e s  may b e  d e f i n e d  i n  t h e  f o l l o w i n g  manner :  

F o r  a n  o r d e r e d  p a i r  ( i , j ) ,  l e t  P (C 

p r o b a b i l i t y  t h a t  t h e  ( i , j ) - t h  e l e m e n t  o f  t h e  m a t r i x  Ck 

(k) > 0 i m p l i e s  t h a t  t h e r e  i s  e 
ij i s  g r e a t e r  t h a n  z e r o  (where  C 

d i r e c t e d  p a t h  of some l e n g t h  c o n n e c t i n g  Pi t o  P 

(k 1 

ij 
> 0) = p K i j  be t h e  

1’ 
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9 j  = 1 , 2 ,  ..... N), k=1,2,. ...., N - 1. V a r i o u s  s i m p l i f i c a -  

t i o n s  o f  t h i s  p r o b a b i l i t y  d i s t r i b u t i o n  as w e l l  as some o t h e r  

p r o b a b i l i t y  d i s t r i b u t i o n s  a r e  b e i n g  c o n s i d e r e d  i n  o r d e r  t o  

i n v e s t i g a t e  some b a s i c  c o n c e p t s  o f  e n t r o p y  f o r  s u c h  a d i g r a p h .  

A t  p r e s e n t  o n e  of t h e  mos t  p r o m i s i n g  d i r e c t i o n s  o f  

i n v e s t i g a t i o n  c o n s i s t s  i n  d e s c r i b i n g  t h e  e n t r o p y  i n  terms 

o f  some f u n c t i o n  o f  t h e  sum o f  t h e  i n c i d e n c e  m a t r i x  a n d  i t s  

p o w e r s ,  t h a t  is, 

( I  - c1-1 = I + c + e* + .... + Ck + .... 
w h e r e  I i s  t h e  N x N  i d e n t i t y  m a t r i x ,  a n d  w h e r e  Ck is known t o  

b e  z e r o  f o r  a l l  k 2 N ,  i n  c a s e  o f  d i g r a p h  of  o r d e r  N .  A 

more  g e n e r a l  a p p r o a c h  may c o n s i s t  i n  a t t a c h i n g  a s u i t a b l e  

w e i g h t ,  s a y  b ,  a n d  i t s  powers  ( c o r r e s p o n d i n g  t o  t h e  l e n g t h  

o f  t h e  d i r e c t e d  c h a i n )  t o  t h e  m a t r i x  C and  i t s  p o w e r ,  i . e .  

d e s c r i b i n g  t h e  e n t r o p y  i n  terms of  some f u n c t i o n  o f  ( I  - WC)'l. 
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111. A P P E N D I C E S  

1 .  A B S T R A C T S  

2 .  I N F O R M A T I O N  THEORY, E N T R O P Y ,  
AND P R O B A B I L I T Y  M E A S U R E S  

3 .  R E S U M ~ S  



111.1. ABSTRACTS 

A .  A b s t r a c t  o f  T e c h n i c a l  R e p o r t  No. 1: L e t  r ( A )  b e  a 

d i g r a p h  d e f i n e d  on t h e  s e t  A ,  c o n s i s t i n g  o f  N p o i n t s .  L e t  

us f i r s t  c o n s i d e r  S = [ r ( a ) ,  a c A ] ,  t h e  s e t  o f  a l l  s u b d i g r a p h s  

o f  r ( A )  on n p o i n t s .  We may d e f i n e  p a r t i t i o n s  o n  S b a s e d  

on  v a r i o u s  n o t i o n s  o f  a c c e s s i b i l i t y  and  o b t a i n  i d e n t i f i c a t i o n  

a n d  c o u n t i n g  t h e o r e m s ,  d e r i v e d  i n  terms o f  a n  e q u i v a l e n t  

r e p r e s e n t a t i o n  of  r ( A )  as a n  i n c i d e n c e  m a t r i x  ( A b s t r a c t  

64T-138, AMS N o t i c e s ,  F e b r u a r y ,  1 9 6 4 ) .  L e t  us n e x t  c o n s i d e r  

c = [ E ;  E 1. A x A ] ,  t h e  set o f  a l l  d i g r a p h s  o n  t h e  s e t  A.  

We d e f i n e  a s e t  B 5 A t o  b e  o p e n  w i t h  r e s p e c t  t o  E i f  f o r  a l l  

i e  (A B), j s B ,  w e  h a v e  <i ,  j > e  ( A  x A - B ) .  T h i s  d e t e r m i n e s  

a t o p o l o g y  ( A , T E )  on r ( A )  w h i c h  h a s  c o m p l e t e  a d d i t i v e  c l o s u r e .  

We n o t e  v a r i o u s  o t h e r  i n t e r e s t i n g  p r o p e r t i e s  of t h i s  t o p o l o g y ,  

such as: 

AMS N o t i c e s ,  A p r i l ,  1 9 6 4 ) .  Then some r e s u l t s  a r e  o b t a i n e d  

i n  terms of b o t h  p a r t i t i o n s  a n d  t h e  d i g r a p h  t o p o l o g y  by i n t r o -  

d u c i n g  t h e  n o t i o n  o f  t h e  " c o r e "  o f  a p o i n t  - t h e  i n t e r s e c t i o n  

o f  t h e  s m a l l e s t  o p e n  a n d  c l o s e d  s e t s  c o n t a i n i n g  t h e  p o i n t  - 
a n d  t h e  " c o r e  f u n c t i o n . "  Also, c e r t a i n  s t a t i s t i c a l  r e s u l t s  

f o r  d i g r a p h s  a r e  o b t a i n e d  by  i n t r o d u c i n g  p r o b a b i l i t y  m e a s u r e s  

o n  S. F i n a l l y ,  a d i s c u s s i o n  o f  c h r o m a t i c  g r a p h s  i s  p r e -  

s e n t e d ,  w i t h  some of  t h e  r e s u l t s  for d i g r a p h s  b e i n g  e x t e n d e d  

t o  t h e  g e n e r a l  case.  

B. A b s t r a c t  o f  T e c h n i c a l  R e p o r t  No. 2 :  I n  t h i s  r e p o r t ,  

w e  i n v e s t i g a t e  c e r t a i n  t i e - u p s  b e t w e e n  t h e  t h e o r y  o f  d i r e c t e d  

( A , T E )  is T1 i f  a n d  o n l y  i f  E = 0 ( A b s t r a c t  611-80 ,  
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g r a p h s  a n d  p o i n t - s e t  t o p o l o g y .  T h i s  work e x t e n d s  c e r t a i n  

a s p e c t s  o f  t h e  work  done  by B h a r g a v a  i n  "A S t o c h a s t i c  Model 

f o r  T i m e  Changes  i n  a B i n a r y  B y a d i c  R e l a t i o n . "  

Wi th  e a c h  d i r e c t e d  g r a p h  r ( A , E )  on a n  a r b i t r a r y  s e t  A ,  

w e  a s s o c i a t e  a u n i q u e  t o p o l o g i c a l  s p a c e  ( A , T )  by d e f i n i n g  a 

s e t  a 5 A t o  b e  open  i f  t h e r e  d o e s  n o t  e x i s t  a n  e d g e  i n  

r ( A , E )  f r o m  s e t  ( A  - a )  t o  s e t  a ;  e a c h  s u c h  t o p o l o g y  i s  shown 

t o  h a v e  t h e  p r o p e r t y  o f  c o m p l e t e l y  a d d i t i v e  c l o s u r e .  We 

o b t a i n  s e v e r a l  t h e o r e m s  r e l a t i n g  c o n n e c t e d n e s s  and  a c c e s s i -  

b i l i t y  p r o p e r t i e s  o f  a d i r e c t e d  g r a p h  t o  p r o p e r t i e s  o f  t h e  

t o p o l o g y  d e t e r m i n e d  by t h a t  d i r e c t e d  g r a p h .  It i s  f o u n d  

t h a t  t h e  c o n n e c t e d n e s s  o f  a d i r e c t e d  g r a p h  is, i n  a c e r t a i n  

s e n s e ,  c o n s i s t e n t  w i t h  t h e  " t o p o l o g i c a l  c o n n e c t e d n e s s :  o f  t h e  

t o p o l o g i c a l  s p a c e  d e t e r m i n e d  by  t h a t  d i r e c t e d  g r a p h .  We 

f u r t h e r  i n v e s t i g a t e  t h e s e  t o p o l o g i e s  i n  terms o f  t h e  c l o s u r e ,  

k e r n e l ,  and  c o r e  o p e r a t o r s .  

We show t h a t  t h e  d e f i n i t i o n  o f  a n  o p e n  s e t ,  as  g i & n  

a b o v e ,  e s t a b l i s h e s  a s i n g l e - v a l u e d  mapp ing  o f  t h e  f a m i l y  o f  

a l l  t o p o l o g i e s  w i t h  c o m p l e t e l y  a d d i t i v e  c l o s u r e  on s e t  A .  

T h i s  mapping  a l s o  maps one - to -one  t h e  f a m i l y  o f  a l l  t r a n s i t i v e  

d i r e c t e d  g r a p h  w i t h  l o o p s  on  s e t  A o n t o  t h e  f a m i l y  of a l l  

t o p o l o g i e s  w i t h  c o m p l e t e  a d d i t i v e  c l o s u r e  on s e t  A .  F u r t h e r -  

more ,  t h e  t r a n s i t i v e  d i r e c t e d  g r a p h  w i t h  l o o p s  mapped t o  a 

p a r t i c u l a r  t o p o l o g y  i s ,  i n  e a c h  c a s e ,  t h e  d i r e c t e d  g r a p h  w i t h  

t h e  maximum e d g e  s e t  d e t e r m i n i n g  t h a t  t o p o l o g y .  On t h e  o t h e r  

h a n d ,  w e  f i n d  t h a t  t h e r e  d o e s  n o t  n e c e s s a r i l y  e x i s t  a d i r e c t e d  

g r a p h  w i t h  a m i n i m a l  edge  s e t  d e t e r m i n i n g  a p a r t i c u l a r  t o p o l o g y .  

F i n a l l y  w e  make a b r i e f  s t u d y  o f  t h e  p r o p e r t i e s  of 
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t o p o l o g i e s  o b t a i n e d  f r o m  a d i r e c t e d  g r a p h  w i t h  r e s p e c t  

t o  two o t h e r  d e f i n i t i o n s  f o r  a n  o p e n  s e t .  

C .  A b s t r a c t  o f  T e c h n i c a l  l i e p o r t  No. 3: tl p r o b a b i l i s t i c  

mode l  f o r  a n a l y z i n g  t i m e  c h a n g e s  i n  t h e  o r d e r e d  b i n a r y  d y a d i c  

r e l a t i o n  on  a f i n i t e  s e t  of  p o i n t s  is p r e s e n t e d  by t r e a t i n g  

t h e  t o t a l  r e l a t i o n  on  t h e  s e t  as t h e  a g g r e g a t e  o f  i t s  sub-  

r e l a t i o n s  o f  f i x e d  o r d e r .  T h e s e  s u b r e l a t i o n s  n a y  t h e n  b e  

c l a s s i f i e d  i n  v a r i o u s  ways: One s y s t e m  d i s c u s s e d  h e r e i n  i s  

b a s e d  o n  t h e  n o t i o n  o f  c o n n e c t i v i t y ,  a n 6  t h e  o t h e r  on  t h e  

n o t i o n  o f  a c c e s s i b i l i t y .  The p r o c e s s  o f  c h a n g e  i n  t h e  t o t a l  

r e l a t i o n  o v e r  t i m e  i s  shown t o  b e  a t i m e - d e p e n d e n t  p r o c e s s  

t a k i n g  v a l u e s  on  t h e  d i g r a p h ,  o r ,  e q u i v a l e n t l y ,  on  t h e  i n c i -  

d e n c e  m a t r i x  i s o m o r p h i c  w i t h  t h e  r e l a t i o n .  C e r t a i n  f o r m a l  

p r o c e d u r e s  f o r  c o u n t i n g  t h e s e  t r a n s i t i o n s  a r e  a l s o  s e t  f o r t h ,  

a n d  s t a n d a r d  s t a t i s t i c e l  a n a l y s e s  a r e  made. Under  s u i t a b l e  

a s s u m p t i o n s ,  t h e  p r o b a b i l i t y  model  p r e s e n t e d  h e r e  h a s  p o t e n -  

t i a l i t i e s  f o r  a p p l i c a t i o n  i n  t h o s e  s i t u a t i o n s  w h i c h  c a n  b e  

r e p r e s e n t e d  m a t h e m a t i c a l l y  i n  terms o f  a f i n i t e  s e t  o f  p o i n t s  

a n d  a n  a l l - o r - n o n e  r e l a t i o n s h i p  b e t w e e n  o r d e r e d  p a i r s  o f  

t h e s e  p o i n t s ,  Some examples  a r e  g r o u p  d y n a n i c s ,  communi- 

c a t i o n  n e t w o r k s ,  e c o l o g y ,  a n i m a l  s o c i o l o g y ,  a n d  management 

s c i e n c e s .  

D. A b s t r a c t  o f  T e c h n i c a l  R e p o r t  No. 4 :  L e t  R = [1,2,3 ... n ] .  

A t o p o l o g y  on Qn i s  a c o l l e c t i o n  T o f  s u b s e t s  o f  R n  such t h a t  

n 

(1)+, R,E T a n 3  ( 2 )  A ,  B,E T = >  &?BE T ,  A u B E T  . 
b e  t h e  number o f  d i s t i n c t  t o p o l o g i e s  on Qn. 

L e t  t ( n )  
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We h a v e  t r i e d  t G  s o l v e  t h e  p r o b l e m  of  o b t a i n i n g  a n  ana-  

l y t i c  e x p r e s s i o n  f o r  t ( n ) .  The p r o b l e m  seems q u i t e  h a r d ,  

and  we h a v e  o n l y  b e e n  a b l e  t o  o b t a i n  c e r t a i n  i n e q u a l i t i e s  f o r  

t ( n ) .  We h a v e  a l s o  n o t i c e d  a c o n n e x i o n  w i t h  c o u n t i n g  t h e  

number o f  g r a p h s  of a c e r t a i n  t y p e .  

I t  c a n  b e  shown t h a t  a t o p o l o g y  on On c a n  b e  s p e c i f i e d  

e q u a l l y  w e l l  by a mapping C f r o m  Qn t o  P(Q ) - t h e  power s e t  - 
o r  s e t  of  s u b s e t s  of E n .  The mapp ing  C mus t  h a v e  t h e  

f o l l o w i n g  p r o p e r t i e s :  

n 

1. F o r  a l l  i s Q n ,  i e  C ( i )  

2 .  I f  j c  C ( i )  t h e n  C ( j ) c  C ( i ) .  

C ( i )  c a n  b e  t h o u g h t  of as b e i n g  t h e  c l o s u r e  of  t h e  

p o i n t  "i". T h a t  s u c h  a f u n c t i o n  con  b e  u s e d  t o  e s t a b l i s h  a 

t o p o l o g y  on O may b e  v e r i f i e d  by u s i n g  t h e  K u r a t o w s k i  

c l o s u r e  p o s t u l a t e s .  The p r o b l e m ,  t h e n ,  i s  t o  c o u n t  t h e  

number o f  s u c h  m a p p i n g s .  

n 

C l e a r l y  C ( i )  c a n  b e  c h c s e n  i n  2" - ways .  So t ( n )  i 

2 n ( n  - l ) .  

s u b s e t s  on Q - c a l l  i t  a ( n )  - i s  c l e a r l y  l e s s  t h a n ,  o r  

e q u a l  t o ,  t ( n ) .  A s y m p t o t i c  e x p r e s s i o n s  f o r  a ( n )  c a n  b e  

w r i t t e n  down e x p l i c i t l y  u s i n g  n u m b e r - t h e o r e t i c  p a r t i t i o n -  

f u n c t i o n s .  Thus we have :  Theorem: a ( n )  t ( n )  2"(" - ') 

(No te :  The r . h . s .  o f  t h e  i n e q u a l i t y  i s  s t r i c t  e x c e p t  f o r  n = l  

On t h e  o t h e r  h a n d ,  t h e  number of  a l g e b r a s  o f  

n 

and  2 .  The 1 . h . s .  i s  s t r i c t  f o r  1171). 

I t  i s  known (Bhargava  and  A h l b o r n )  t h a t  one  c a n  s e t  up a 

o n e - t o - o n e  c o r r e s p o n d e n c e  b e t w e e n  t h e  t o p o l o g i e s  on  fi and n 
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t h e  number o f  a c c e s s i b i l i t y  d i g r a p h s  on  n v e r t i c e s .  (An 

a c c e s s i b i l i t y  d i g r a p h  is one i n  w h i c h  e i t h e r  o f  two v e r t i c e s  

a r e  j o i n e d  by  a d i r e c t  e d g e  o r  e l s e  t h e r e  is no  s t r i n g  o f  

p r o p e r l y  d i r e c t e d  e d g e s  c o n n e c t i n g  t h e m ) .  

Many o t h e r  p r o b l e m s  of  t h i s  t y p e  of  c o u n t i n g  c a n  b e  

p o s e d .  F o r  e x a m p l e ,  how many t o p o l o g i e s  a r e  T ( t h e r e  i s  

o n l y  one  T1 t o p o l o g y ) ,  how many c o n n e c t e d ,  how many non- 

homeomorphic ,  e t c .  F u r t h e r ,  w h a t  p r o p o r t i o n  of t o p o l o g i e s  

i n  Qnx f i  a r e  p r o d u c t  t o p o l o g i e s ?  

0 

n 
F u r t h e r  r e s u l t s  o n  t ( n ) ,  t h e  number of  t o p o l o g i e s  on  n 

p o i n t s ,  a r e  o b t a i n e d .  F o r  example,  i t  i s  shown t h a t  t h e r e  

e x i s t s  a number c > o s u c h  t h a t  f o r  any  E > 0 ,  

t ( n )  
* 0 ,  b u t  

( c  + d n 2  
2 

F u r t h e r  bounds  on c h a v e  been  o b t a i n e d .  F o r  e x a m p l e ,  1 / 4  

c 1/2. It i s  c o n j e c t u r e d  t h a t  c = 1/2. 

The r e s u l t s  o b t a i n e d  were d e r i v e d  f r o m  a g e n e r a l i z a t i o n  

of  t h e  i d e a  of c h r o m a t i c  g r a p h s ,  work  on w h i c h  is p r o c e e d i n g .  

E .  A b s t r a c t :  "Random Graphs  a n d  D i g r a p h s " :  We h a v e  e x t e n d e d  

t h e  s t u d y  o f  random ( u n d i r e c t e d )  g r a p h s  as i n i t i a t e d  by 

Erd'ds a n d  R6ny i  (See  i n  p a r t i c u l a r  t h e i r  p a p e r  "On t h e  

E v o l u t i o n  of Random G r a p h s , "  P u b l .  Math .  I n s t .  Hungar .  Acad .  

S e i .  5 S e r .  A .  1 9 6 0 )  t o  t h e  s t u d y  o f  d i r e c t e d  g r a p h s  ( c a l l e d  

d i g r a p h s ) .  V a r i o u s  models  o f  r a n d o m n e s s  a r e  p o s s i b l e  a n d  

w e  d i s c u s s  e a c h  o n e ,  c o r r e l a t i n g  o u r  n o d e l s  w i t h  t h e  o n e s  

u s e d  i n  t h e  u n d i r e c t e d  t h e o r y  ( e . g .  b y  G i l b e r t ,  A u s t i n ,  
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F a g e n ,  P e n n e y ,  and  R io rc l an ) .  We h a v e  c o n c e n t r a t e d  on o b t a i n -  

i n g  o n l y  a s y m p t o t i c  r e s u l t s  i n s t e a d  o f  c l o s e d  f o r m  f o r m u l a e  

s i n c e  (as  i n  E r d b s  and  R6ny i )  t h e  a s y m p t o t i c  r e s u l t s  o f f e r  

a goo6 q u a l i t a t i v e  p i c t u r e  o f  t h e  e v o l u t i o n  o f  g r a p h s .  

( P u b l i s h e d  i n  A n n a l s  of  M a t h e m a t i c a l  S t a t i s t i c s ,  V o l .  3 5 ,  

S e p t e m b e r ,  1 9 6 4 ) .  

1 1 1 . 2 .  I n f o r m a t i o n  T h e o r y ,  E n t r o p y  
a n d  P r o b a b i l i t y  M e a s u r e s  

The c o n c e p t  o f  i n f o r m a t i o n  o b t a i n e d  f r o m  t h e  r e a l i -  

z a t i o n  o f  a random e x p e r i m e n t  was f i r s t  i n t r o d u c e d  by  

Shannon [ l ]  i n  t h e  y e a r  1946.  A l t h o u g h  i t  i s  a r e l a t i v e l y  

new c o n c e p t  i n  t h e  domain  of  m a t h e m a t i c s ,  i t s  u s e  a n d  a p p l i -  

c a t i o n s  i n  m a t h e m a t i c s  h a v e  b e e n  m a n i f o l d  a n d  f a r - r e a c h i n g .  

We n e n t i o n  i n  p a s s i n g  t h e  a p p l i c a t i o n s  i n  ( a n d  i n d e e d  t h e  

d e v e l o p m e n t  o f )  c o d i n g  t h e o r y  i n  t h e  t h e o r y  o f  communica- 

t i o n s ,  ( f o r  e x a m p l e ,  Shannon and  Weaver [ 2 ] ,  o n e  o f  t h e  e a r -  

ly w o r k s ,  e l a b o r a t i o n s  and  e x t e n s i o n s  of  w h i c h  a r e  f a r  

t o o  many i n  number t o  b e  i n c l u d e d  i n  a p a s s i n g  r e f e r e n c e ) .  

A l s o  n o t i c e a b l e  i s  t h e  i m p a c t  o f  t h e  i n f o r m a t i o n  c o n c e p t  i n  

f o r m u l a t i n g  a n d  r e o r i e n t i n g  b a s i c  i d e a s  i n  s t a t i s t i c s  ( f o r  

e x a m p l e ,  K u l l b a c k  (31 ) .  Our i n t e r e s t  i n  i n f o r m a t i o n  t h e o r y  

c o n s i s t s  i n  s t u d y i n g  a n d  e x p l o i t i n g  t h e  d i f f e r e n t  l i n k - u p s  

among v a r i o u s  p u r e l y  m a t h e m a t i c a l  t h e o r i e s  ( w i t h  a p p l i c a -  

t i o n s )  w h i c h  h a v e  b e a n  b r o u g h t  t o  l i g h t  r e c e n t l y  t h r o u g h  t h e  

u s a g e  of  t h e  i n f o r m a t i o n  c o n c e F t .  

To b e  more  s p e c i f i c ,  w e  l i s t  t h e  d i f f e r e n t  s u b j e c t s  
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which'interest us and which have been vitually touched by 

information-theoretical notions. 

(i) A certain class of probability measures which are 

naturally induced into the unit interval by a single discrete 

process (a finite state, space stationary Markov chain) 

turns out to be singular. The Hausdorff dimensions of the 

subsets on which these measures 'sit' were calculated by 

Kinney [SI and Billingsley [6] and, surprisingly, these 

dimensions turn out to be information on suitable spaces. 

One of us (see Chatterji [ f ] )  extended the above-mentioned 

results in certain directions and found the dimensions 

connected, as observed before, to information. Kinnep and 

Billingsley both try to describe, using coding theory, why 

these information quantities turn up, but their explanations, 

we feel, need to be extended to explain fully this remark- 

able occurrence of information-theoretical quantities in 

this connexion. We briefly mention in passing that the 

notion of capacity which i s  connected to the theory of frac- 

tional dimensions is also relevant here and needs to be stu- 

died. 

To be more specific, let Ec[O,l], and P > 0. 

For L > 0, let 

Lp (E,€) = inf IZ)(Ailp: A i 2 E ,  lai} € 1  

where Ai's are intervals, and /AI denotes the Lebesgue 

measure of A. 

i 

Let Lp (E) - lim L (E,€). Then L (E) is the 

p-dimensional Hausdorff outer-measure of E, and the Haus- 
P P E+O 
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d o r f f  d i m e n s i o n  o f  E e q u a l s  

i n f  { p :  Lp (E) = 0 )  o r ,  e q u i v a l e n t l y ,  s u p  E P :  L 

I t  c a n  b e  shown r e l a t i v e l y  e a s i l y  ( a n d  i s  r e l e v a n t  f o r  

o u r  d i s c u s s i o n )  t h a t ,  i n  t h e  d e f i n i t i o n  a b o v e ,  t h e  c o v e r i n g  

i n t e r v a l s  may b e  r e s t r i c t e d  t o  i n t e r v a l s  w i t h  b i n a r y - r a t i o n a l  

e n d p o i n t s  w i t h o u t  c h a n g i n g  t h e  d i m e n s i o n .  

(E) = ..) 
P 

From t h e  g e n e r a l  n a t u r e  of t h e  d e f i n i t i o n s  o f  " e n t r o p y  

o f  a s o u r c e "  a n d  " c a p a c i t y  o f  a c h a n n e l "  i n  t h e  modern t h e o r y  

o f  i n f o r m a t i o n ,  ( s e e  K h i n c h i n  [ l o ] )  i t  becomes  p l a u s i b l e  t o  

c o n j e c t u r e  t h a t  t h e  H a u s d o r f f  d i m e n s i o n  o f  s e t s  on  w h i c h  

c e r t a i n  m e a s u r e s  s i t  a re  c o n n e c t e d  w i t h  t h e  n o t i o n  o f  c a p a -  

c i t y  o f  a c h a n n e l .  F o r  e l a b o r a t i o n ,  s ee  Kinney  [ S I  a n d  

B i l l i n g s l e y  [ 6 ] .  C o r r o b o r a t i n g  e v i d e n c e  i s  t o  b e  f o u n d  i n  

C h a t t e r j i  1 7 1 .  A g e n e r a l  t h e o r y  i s  g r e a t l y  d e s i r a b l e .  As 

a b e g i n n i n g ,  o n e  w o u l d  s t u d y  t h e s e  m e a s u r e s  on t h e  u n i t  

i n t e r v a l  w h i c h  a r e  i n d u c e d  i n t o  i t  by s t a t i o n a r y  s t o c h a s t i c  

p r o c e s s e s  t a k i n g  o n l y  a f i n i t e  number o f  v a l u e s  ( u s e  d e c i m a l  

mapp ing  h e r e )  o r  c o u n t a b l e  i n f i n i t y  o f  v a l u e s  ( u s e  c o n t i n u e d  

f r a c t i o n  mapp ing  h e r e ) .  

( ii) R6ny i  [8] h a s  i n t r o d u c e d  a n o t i o n  o f  d i m e n s i o n  

a n d  e n t r o ? y  o f  p r o b a b i l i t y  d i s t r i b u t i o n s .  Our i n v e s t i g a t i o n s  

h a v e  shown t h a t  i n  c e r t a i n  i n s t a n c e s  Re 'nyi ' s  n o t i o n  o f  d imen-  

s i o n  c o i n c i d e s  w i t h  t h e  c l a s s i c a l  n o t i o n  o f  H a u s d o r f f  dimen- 

s i o n s .  A l s o  t o  b e  r emarked  i s  t h e  f a c t  t h a t  Re 'nyi ' s  n o t i o n  

o f  e n t r o p y  l e a d s  a g a i n  t o  i n f o r m a t i o n - t h e o r e t i c a l  q u a n t i t i e s .  

T h i s  a r e a  n e e d s  t o  b e  i n v e s t i g a t e d  a l s o .  
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To be more s p e c i f i c ; , . l e t  b e  a p r o b a b i l i t y  m e a s u r e  on 

( - O D , ~ ) ,  and  l e t  
00 

kS1 w h e r e  Akn = {xi k c x c ~ 3  n -  n 

I f  l i m  Hn ( p )  

l o g  n 

= d e x i s t s ,  t h e n  u i s  
n+- 

s a i d  t o  h a v e  d i m e n s i o n  d .  

I f  d i s  t h e  d i m e n s i o n  of  u, a n d  i f  

l i m  { H n  (11) - d l o g  n )  = h e x i s t s ,  t h e n  "h" i s  c a l l e d  
n- 

t h e  e n t r o p y  of u .  ( S e e  Rgnyi  ( 8 1 ) .  

Re'nyi showed t h a t  i f  i~ i s  a b s o l u t e l y  c o n t i n u o u s  a n d  

w h e r e  f ( x )  i s  t h e  d e n s i t y  o f  u . I f  1.I i s  p u r e l y  d i s c r e t e ,  

d = 0 a n d  a s i m i l a r  r e s u l t  h o l d s .  Our i n v e s t i g a t i o n s  h a v e  

shown t h a t  f o r  c e r t a i n  c o n t i n u o u s  s i n g u l a r  U, "d" t u r n s  o u t  

t o  b e  t h e  H a u s d o r f f  d i m e n s i o n  o f  a s e t  on  w h i c h  u i s  c e n t e r e d .  

T h i s  i s  p e r h a p s  n o t  t o o  s u r p r i s i n g  i n  view o f  known t h e o r e m s  

c o n c e r n i n g  t h e  r e l a t i o n  b e t w e e n  L i p s c h i t z  c o n d i t i o n s  s a t i s -  

f i e d  by m e a s u r e s  and  t h e  H a u s d o r f f  d i m e n s i o n s  of t h e  s e t s  

o n  w h i c h  t h e y  a r e  b a s e d .  A g e n e r a l  t h e o r e m  c o n n e c t i n g  "d" 

a n d  H a u s d o r f f  d i m e n s i o n s  i s  d e s i r a b l e  b u t  seems d i f f i c u l t  

t o  o b t a i n .  

(iii) B r g o d i c  t h e o r y  ( s e e  Halmos 1 4 1 :  A n o t i o n  o f  t h e  

e n t r o p y  o f  a t r a n s f o r m a t i o n  o n  a p r o b a b i l i t y  s p a c e  h a s  b e e n  

i n t r o d u c e d  b y  Kolmogorov, who w a s  o b v i o u s l y  m o t i v a t e d  by 
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i n f o r m a t i o n  t h e o r y .  This n o t i o n  h e l p e d  h im i n  s o l v i n g  

a l o n g ,  o u t s t a n d i n g  p r o b l e m  i n  e r g o d i c  t h e o r y .  

( i v )  Kolmgorov h a s  i n t r o d u c e d  a c o n c e p t  o f  E - e n t r o p y  

i n  compact  m e t r i c  s p a c e s  wh ich  i s  a c l o s e  a n a l o g u e  o f  i n -  

f o r m a t i o n - t h e o r e t i c a l  c o n c e p t s  ( s ee  L o r e n t z  1 9 1  f o r  a n  

e x p o s i t i o n ) .  We f e e l  t h a t  i n v e s t i g a t i o n s  t o  c o n v e r t  t h i s  

a n a l o g y  t o  a l o g i c a l  u n i t y  w i l l  b e  f r u i t f u l .  

It  i s  h o p e d  t h a t  t h e  p r o p o s e d  r e s e a r c h  w i l l  p r o v i d e  

a n  e x p l a n a t i o n  o f  t h e  o c c u r r e n c e  o f  i n f o r m a t i o n - t h e o r e t i c a l  

q u a n t i t i e s  i n  v a r i o u s  b r a n c h e s  o f  p u r e  m a t h e m a t i c s .  T h i s ,  

w e  f e e l ,  w i l l  f i l l  a n  i m p o r t a n t  gap  i n  t h e  advancemen t  

a n d  a p p l i c a t i o n s  o f  t h e  i n f o r m a t i o n  c o n c e p t .  A t  t h e  same t i m e ,  

i t  i s  h o p e d  t h a t  t h e  p r o p o s e d  r e s e a r c h  w i l l  e n a b l e  us t o  

p r e s e n t  a d e t a i l e d  a n d  s y s t e m a t i c  d e v e l o p m e n t  o f  i n f o r m a t i o n  

t h e o r y ,  i t s  c o n n e x i o n  w i t h  v a r i o u s  m a t h e m a t i c a l  t h e o r i e s ,  

a n d  i t s  a p p l i c a t i o n s  t o  c e r t a i n  f i e l d s  o f  i n t e r e s t  t o  a p p l i e d  

w o r k e r s .  

F u r t h e r m o r e ,  i t  i s  hoped  t h a t  i t  w i l l  b e  p o s s i b l e  f o r  

us t o  d e v e l o p  m e t h o d s  f o r  o b t a i n i n g  t h e  amount o f  i n f o r m a -  

t i o n  c o n t a i n e d  i n  c e r t a i n  k i n d s  o f  s t o c h a s t i c  p r o c e s s e s  a n d  

p r o b a b i l i t y  s p a c e s ,  and  t o  p r e s e n t  s t a t i s t i c a l  t e c h n i q u e s  

w h i c h  wou ld  e n a b l e  one  t o  do  so. 

T h i s ,  w e  b e l i e v e ,  w i l l  p r o v e  t o  b e  o f  g r e a t  v a l u e  i n  

v a r i o u s  a p p l i e d  f i e l d s ,  a p a r t  f r o m  t h e  s i g n i f i c a n c e  o f  

r e s e a r c h  f o r  t h e o r e t i c a l  p u r p o s e s  t h e m s e l v e s .  
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